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The purpose of this note is to prove the falsity of a conjecture of Bruck on 
pseudo net-graphs. 
1. PRELIMINARIES AND THE MAIN RESULT 
A finite unoriented graph G on a set V = (1,2,..., V) of e, vertices is called 
strongly regular [I] if it satisfies the following conditions. 
(i) No vertex is joined to itself and any two distinct vertices are joined 
by atmost one edge. 
(ii) The graph is regular, i.e., each vertex is joined to exactly n, and hence 
unjoined to n, = w - 1 - n, other vertices. Two distinct vertices are said 
to be adjacent (or l-associates) if they are joined by an edge. Otherwise they 
will be called nonadjacent (or 2-associates). 
(iii) For any two vertices which are i-associates, the number of vertices 
which are simultaneously l-associates of both the vertices is a constant 
P ;1,i= 1,2. 
It is obvious that, if two vertices # and+ are i-associates, the number of vertices 
which are j-associates of 0 and k-associates of 4 is another constant p:I, , i, j, 
k = 1,2. It is now easy to see that a strongly regular graph defined above 
also defines an association scheme [I] of a partially balanced design with two 
associate classes. Obviously the following relations hold. 
t Pik = Pkj 3 
P,, 1 + 42 1 + 1 = P,“, + P,, 2 -  9 9 
Pt,+P&+l =P:,+P:,=n,, 
n,P;k = njl& = n,P; * 
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(1.1) 
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Let d be a positive integer d > 3, then a d-net N of degree d and order 
n (see [3]) is a system of undefined points and lines, together with an incidence 
relation subject to the following axioms: (i) N has at least one point. (ii) The 
lines of N are partitioned into d disjoint, nonempty “parallel classes” such 
that (a) each point of N is incident with exactly one line of each, class; (b) to 
two lines belonging to distinct classes there corresponds exactly one point 
of N which is incident with both the lines. (iii) There exists a line in N which 
contains exactly n points, n > 2. 
It then follows that N has exactly ns points and dn distinct lines which 
fall into d parallel classes of n lines each containing n points. Distinct lines 
of the same parallel class have no point in common and two lines of different 
classes have exactly one common point. 
Every d-net N of degree d and order n gives rise to a strongly regular graph 
G,called a net-graph of degree d and order n in the following manner. The 
vertices of G are the points of N and two distinct vertices are adjacent if and 
only if they lie on a common line of N. It is easy to verify that G has param- 
eters given by 
v = n2, k=n+l-d, 
n, = d(n - I), n2 = k(n - I), 
Pi, = (n - 2) + (d - l)(d - 2), 
pi2 = (d - l)k, 
Pi2 = k(k - 11, 
I& = W - I), 
pf2 = (k - 114 
pi2 = (n - 2) + (k - I)(k - 2). 
(1.2) 
where k is called the deficiency of N. 
Any strongly regular graph with parameters given by (1.2) will be called a 
pseudo net-graph. 
For any unoriented graph G, the complementary graph G’ is an unoriented 
graph with the same vertices as G, such that if 0 and 4 are distinct vertices in 
G, then they are l-associates in G’ if and only if they are 2-associates in G. 
It is obvious from (1.2), that the complementary graph of a pseudo net-graph 
of degree d and order n is a pseudo net-graph of degree k and order n where 
k is the deficiency of the graph of degree d. 
Define 
p(x) = ; + x9 + x2 + ; x. (1.3) 
Then we have the following theorem due to Bruck [3]. 
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THEOREM. Let G be a pseudo net-graph of order n, degree d such that 
n > p(d - 1) where p is the polynomial given by (1.3), and either d = 1, n > 1 
or d > 1. Then G is the graph of one and only one net of order n, degree d. 
Bruck also states the following: 
CONJECTURE. Every pseudo net-graph of order n, degree d, deficiency K 
subject to 
d> 1, n>d+l, (d - 1)2 < n <p(d - 1) 
is either the graph of a net of order n, degree d, or the complementary graph 
of a net of order n, degree K, or both. 
For d = 3, p(d - 1) = 23. We give a counter-example to this conjecture 
for n = 5, d = 3. 
It is known [4] that the dual of a balanced incomplete block design (bibd) 
with h = 1 is a partially balanced incomplete block design (pbibd) with two 
associate classes. For the pbibd, the relationship of l-associates and 2-asso- 
ciates defines a strongly regular graph. In particular, from a bibd with o = 13, 
b = 26, r = 6, K = 3, h = 1, we get a strongly regular graph G with param- 
eters 
v = 26, n, = 15, n2 = 10, 
P;, = 8, pi2 = 6, Pi2 = 4, 
Pf, = 9, P;~ = 6, pi2 = 3. 
Let x be any vertex in this graph and let I’, and I’, be, respectively, the sets 
of its l-associates and 2-associates. We form the graph G, in the following 
manner. G, has all the vertices of G other than x. Two vertices both from 
V, or both from V, are i-associates in G, if and only if they are i-associates 
in G. A vertex vr of Vi is l-associate or 2-associate of a vertex v2 of V, in G, 
according as these vertices are 2-associates or l-associates in G. Then Bose 
[2] shows that G, is a pseudo net-graph of degree 3 and order 5 given by 
v = 25, n, = n, = 12, 
Pi, = Pi2 = 5, 
pi, = pi2 = P;, = pt2 = 6. 
Consider the bibd with v = 13, b = 26, r = 6, k = 3, X = 1 generated 
by the initial blocks (1, 3, 9) and (2, 6, 5) developed cyclically modulo 13. 
The first 13 blocks are obtained by adding 0, l,..., 12 to the elements of the 
block (1,3,9) and reducing mod 13. Blocks numbered 14 to 26 are similarly 
obtained from the block (2,6, 5). The dual of this design provides the graph 
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G with 26 vertices. We form the graph G, by taking x as the vertex numbered 
26. The pseudo net-graph G, of degree 3 and order 5 is indicated below by 
its sets of l-associates where the 2-associates can be easily written down. 
Vertex l-associates 
1 3 6 9 11 12 13 17 19 20 22 23 25 
2 4 9 10 11 14 15 16 20 21 22 23 25 
3 1 5 7 9 10 13 14 17 18 21 23 25 
4 2 6 7 8 9 10 12 13 14 16 19 25 
5 3 8 10 12 14 16 17 18 20 22 24 25 
6 1 4 7 12 14 16 17 19 21 22 23 24 
7 3 4 6 10 13 15 18 19 21 22 24 25 
8 4 5 9 12 13 14 15 18 19 20 23 24 
9 1 2 3 4 8 13 15 16 17 23 24 25 
10 2 3 4 5 7 11 12 13 14 15 17 22 
11 1 2 10 12 13 15 16 17 18 19 20 21 
12 1 4 5 6 8 10 11 13 16 18 22 23 
13 1 3 4 7 8 9 10 11 12 20 21 24 
14 2 3 4 5 6 8 10 17 19 20 21 23 
15 2 7 8 9 10 11 17 18 19 22 23 24 
16 2 4 5 6 9 11 12 17 18 21 24 25 
17 1 3 5 6 9 10 11 14 15 16 19 24 
18 3 5 7 8 11 12 15 16 19 21 23 25 
19 1 4 6 7 8 11 14 15 17 18 20 25 
20 1 2 5 8 11 13 14 19 21 22 24 25 
21 2 3 6 7 11 13 14 16 18 20 23 24 
22 1 2 5 6 7 10 12 15 20 23 24 25 
23 1 2 3 6 8 9 12 14 15 18 21 22 
24 5 6 7 8 9 13 15 16 17 20 21 22 
25 1 2 3 4 5 7 9 16 18 19 20 22 
GRAPH G* 
If G, is a net-graph of order 5, degree 3, it must contain a unique clique 
of order 5, i.e., a set of 5 mutually l-associate vertices, containing both 1 
and 3. However it is easy to verify that there is no such clique in G, . Similarly 
in the complement of G, which is again a pseudo net-graph of order 5 and 
degree 3, there is no clique of order 5 containing vertices 1 and 2. The 
graph G, thus provides a counter-example to Bruck’s conjecture. 
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